Theory of Classical Higgs Fields. III. Metric-affine gauge theory by Sardanashvily, G. & Kurov, A.
ar
X
iv
:1
41
2.
37
53
v1
  [
ma
th-
ph
]  
11
 D
ec
 20
14
Theory of Classical Higgs Fields. III. Metric-affine gauge
theory
G. SARDANASHVILY, A. KUROV
Department of Theoretical Physics, Moscow State University, Russia
Abstract
We consider classical gauge theory with spontaneous symmetry breaking on a principal
bundle P → X whose structure group G is reducible to a closed subgroup H , and sections of
the quotient bundle P/H → X are treated as classical Higgs fields. Its most comprehensive
example is metric-affine gauge theory on the category of natural bundles where gauge fields
are general linear connections on a manifold X, classical Higgs fields are arbitrary pseudo-
Riemannian metrics on X, and matter fields are spinor fields. In particular, this is the case
of gauge gravitation theory.
Classical field theory admits a comprehensive mathematical formulation in the geometric
terms of smooth fibre bundles, and gauge gravitation theory does so [2, 12]. In this framework,
classical gauge theory is theory of principal connections on principal and associated bundles. Fol-
lowing our previous work [14, 15], we consider classical gauge theory with spontaneous symmetry
breaking on a principal bundle P → X whose structure group G is reducible to a closed subgroup
H , and sections of the quotient bundle P/H → X are treated as classical Higgs fields [2, 11, 16].
In this theory, matter fields with an exact symmetry group H are described by sections of a
composite bundle Y → P/H → X . Their gauge G-invariant Lagrangian necessarily factorizes
through a vertical covariant differential on Y defined by a principal connection on an H-principal
bundle P → P/H .
Metric-affine gauge theory provides the most comprehensive example of classical gauge theory
with spontaneous symmetry breaking. In particular, this is the case of gauge gravitation theory
[4, 5, 9]. In a general setting, it is a gauge theory of general linear connections on natural
bundles, examplified by tangent bundles over a smooth manifold X . The associated principal
bundle is a fibre bundle LX of linear frames in tangent space to X . A key point is that its
structure group always is reducible due to the existence of a Riemannian or pseudo-Riemannian
metric on X . Thus, a metric-affine gauge theory necessarily is characterized by spontaneous
symmetry breaking where pseudo-Riemannian metrics are Higgs field. This fact enables one
to describe spinor fields in the framework of this gauge theory though spinor bundles are not
natural. They are described by sections of the composite bundle (60). In particular, the Higgs
character of pseudo-Riemannian metrics is displayed by the fact that the representation (57)
of tangent holonomic coframes on X by γ-matrices on spinor fields in the presence of different
pseudo-Riemannian metrics are nonequivalent.
One naturally requires that gauge gravitation theory incorporates Einstein’s General Relativ-
ity and, therefore, it should be based on the relativity and equivalence principles reformulated in
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the fibre bundle terms [5, 13]. In these terms, the relativity principle states that gauge symmetries
of classical gravitation theory are general covariant transformations. Fibre bundles possessing
general covariant transformations constitute the category of so called natural bundles [2, 7].
A fibre bundle Y → X is called the natural bundle if there exists a monomorphism of a group
of diffeomorphisms of X to a group of bundle automorphisms of Y → X over these diffeomor-
phisms. Automorphisms f˜ are called general covariant transformations of Y . Accordingly, there
exists a functorial lift of any vector field τ on X to a vector field τ on Y such that τ 7→ τ is a
monomorphism of the Lie algebra T (X) of vector field on X to that T (T ) of vector fields on Y .
This functorial lift τ is an infinitesimal generator of a local one-parameter group of local general
covariant transformations of Y .
From now on, a smooth manifold X is assumed to be Hausdorff, second-countable and,
consequently, paracompact and locally compact, countable at infinity. It is n-dimensional and
oriented. Given a smooth manifold X , its tangent and cotangent bundles TX and T ∗X are
endowed with bundle coordinates (xλ, x˙λ) and (xλ, x˙λ) with respect to holonomic frames {∂λ}
and {dxλ}, respectively.
Natural bundles over X are exemplified by tensor bundles
T = (
m⊗TX)⊗ ( k⊗T ∗X) (1)
endowed with holonomic bundle coordinates (xµ, xα1···αmβ1···βk ). Given a vector field τ on X , its
functorial lift onto the tensor bundle (1) takes a form
τ˜ = τµ∂µ + [∂ντ
α1 x˙να2···αmβ1···βk + . . .− ∂β1τν x˙
α1···αm
νβ2···βk
− . . .]∂˙β1···βkα1···αm , ∂˙λ =
∂
∂x˙λ
.
The tensor bundles (1) possess a structure group
GLn = GL
+(n,R). (2)
The associated principal bundle is a frame bundle LX of linear frames in the tangent spaces to
X . Given a holonomic bundle atlas of the tangent bundle TX , every element {Ha} of a frame
bundle LX takes a form Ha = H
µ
a ∂µ, where H
µ
a is a matrix of the natural representation of a
group GL4 in R
4. These matrices constitute bundle coordinates
(xλ, Hµa ), H
′µ
a =
∂x′µ
∂xλ
Hλa ,
on LX associated to its holonomic atlas
ΨT = {(Uι, zι = {∂µ})}, (3)
given by local sections zι = {∂µ}. With respect to these coordinates, the canonical right action
of GLn on LX reads GL4 ∋ g : Hµa → Hµb gba.
A frame bundle LX is equipped with a canonical R4-valued one-form
θLX = H
a
µdx
µ ⊗ ta, (4)
where {ta} is a fixed basis for Rn and Haµ is the inverse matrix of Hµa .
A frame bundle LX → X is natural. Any diffeomorphism f of X gives rise to a principal
automorphism
f˜ : (xλ, Hλa )→ (fλ(x), ∂µfλHµa ) (5)
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of LX which is its general covariant transformation. Any LX-associated bundle
Y = (LX × V )/GLn
with a typical fibre V also is the natural one. It admits a lift of any diffeomorphism f of its base
to an automorphism fY (Y ) = (f˜(LX)× V )/GLn.
Let us consider gauge theory of principal connections on a frame bundle LX . They yield
linear connections on the associated bundles, and vice versa. In particular, a linear connection
on the tangent bundle TX → X reads
K = dxλ ⊗ (∂λ +Kλµν x˙ν ∂˙µ). (6)
Its curvature takes a form
R =
1
2
Rλµ
α
β x˙
βdxλ ∧ dxµ ⊗ ∂˙α, (7)
Rλµ
α
β = ∂λKµ
α
β − ∂µKλαβ +KλγβKµαγ −KµγβKλαγ .
A torsion of the K (6) is defined with respect to the canonical soldering form dxµ ⊗ ∂˙µ on TX .
It reads
T =
1
2
Tµ
ν
λdx
λ ∧ dxµ ⊗ ∂˙ν , Tµνλ = Kµνλ −Kλνµ. (8)
A linear connection is said to be symmetric if its torsion (8) vanishes, i.e., Kµ
ν
λ = Kλ
ν
µ.
A principal connection on LX , any linear connections (6) on TX is represented by a section
of the quotient bundle
C = J1LX/GLn → X, (9)
where J1LX is the first order jet manifold of sections of LX → X [2, 12]. It is an affine bundle
modelled over a vector bundle T ∗X ⊗TX V TX → X , where V TX is the vertical tangent bundle
of the tangent bundle TX → X . Due to the canonical splitting of the vertical tangent bundle
V TX = TX×
X
TX, (10)
the affine bundle C → X also is modelled over a vector bundle
T ∗X ⊗
TX
TX → X. (11)
With respect to the holonomic atlas ΨT (3), the C (9) is provided with the bundle coordinates
(xλ, kλ
ν
α), k
′
λ
ν
α =
[
∂x′ν
∂xγ
∂xβ
∂x′α
kµ
γ
β +
∂xβ
∂x′α
∂2x′ν
∂xµ∂xβ
]
∂xµ
∂x′λ
,
so that, for any section K of C → X , its coordinates kλνα ◦K = Kλνα are components of the
linear connectionK (6). Though the fibre bundle C → X (9) is not LX-associated, it is a natural
bundle which admits the functorial lift
τ˜C = τ
µ∂µ + [∂ντ
αkµ
ν
β − ∂βτνkµαν − ∂µτνkναβ + ∂µβτα] ∂
∂kµαβ
of any vector field τ on X .
By the well-known theorem [2, 17], the structure group GLn (2) of a principal frame bundle
LX always is reducible to its maximal compact subgroup SO(n). Thus, spontaneous symmetry
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breaking in gauge theory on natural bundles necessarily takes place. Global sections of the
corresponding quotient bundle LX/SO(n)→ X are Riemannian metrics on X .
However, in gauge gravitation theory, the equivalence principle reformulated in geometric
terms requires that the structure group GLn=4 (2) of a frame bundle LX is reducible to a
Lorentz group SO(1, 3) [5, 13]. Then global sections of the corresponding quotient bundle
ΣPR = LX/SO(1, 3) (12)
are pseudo-Riemannian metrics of signature (+,− − −) on a world manifold X . In Einstein’s
General Relativity, they are identified with gravitational fields which thus are treated as classical
Higgs fields.
Let us note that, in any field model on fibre bundles over a manifold X , except the topological
ones, a base manifoldX is provided with Riemannian or pseudo-Riemannian metrics. In a general
setting, we therefore assume that the structure group GLn (2) of a principal frame bundle LX
is reducible to a subgroup SO(m,n−m), i.e., it LX contains reduced principal subbundles with
a structure group SO(m,n − m). In accordance with the well-known theorem ([14], Theorem
1), there is one-to-one correspondence between these reduced subbundles LgX and the global
sections G of the corresponding quotient bundle
Σ = LX/SO(m,n−m) (13)
are pseudo-Riemannian metrics on a manifold X . For the sake of convenience, one usually
identifies the quotient bundle Σ (13) with an open subbundle of the tensor bundle Σ ⊂ 2∨TX .
Therefore, it can be equipped with bundle coordinates (xλ, σµν).
Every pseudo-Riemannian metric g defines an associated bundle atlas
Ψh = {(Uι, zhι = {ha})} (14)
of a frame bundle LX such that the corresponding local sections zhι of LX take their values into
a reduced subbundle LgX , and the transition functions of Ψh (14) between the frames {ha} are
SO(m,n−m)-valued. The frames (14):
{ha = hµa(x)∂µ}, hµa = Hµa ◦ zhι , x ∈ Uι, (15)
are called the tetrad frames. Given the bundle atlas Ψh (14), the pull-back
h = ha ⊗ ta = zh∗ι θLX = haλ(x)dxλ ⊗ ta (16)
of the canonical form θLX (4) by a local section z
h
ι is called the (local) tetrad form. It determines
tetrad coframes
{ha = haµ(x)dxµ}, x ∈ Uι, (17)
in the cotangent bundle T ∗X . They are the dual of the tetrad frames (15). The coefficients hµa
and haµ of the tetrad frames (15) and coframes (17) are called the tetrad functions. They provide
transition functions between the holonomic atlas ΨT (3) and the atlas Ψ
h (14) of a frame bundle
LX . Relative to the atlas (14), a pseudo-Riemannian metric g takes the well-known form
g = η(h⊗ h) = ηabha ⊗ hb, gµν = haµhbνηab, (18)
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where η is a pseudo-Euclidean metric of signature (m,n−m) in Rn written with respect to its
fixed basis {ta}.
Since the fibre bundle C → X is modelled over the vector bundle (11), given a pseudo-
Riemannian metric g, any connection K (6) admits a splitting
gνβKµ
β
α = Kµνα = {µνα}+ Sµνα + 1
2
Cµνα (19)
in the Christoffel symbols
{µνα} = −1
2
(∂µgνα + ∂αgνµ − ∂νgµα), (20)
the non-metricity tensor
Cµνα = Cµαν = D
K
µ gνα = ∂µgνα +Kµνα +Kµαν (21)
and the contorsion
Sµνα = −Sµαν = 1
2
(Tνµα + Tναµ + Tµνα + Cανµ − Cναµ), (22)
where Tµνα = −Tανµ are coefficients of the torsion form (8) of K.
A connection K is called a metric connection for a pseudo-Riemannian metric g if g is its
integral section, i.e., the metricity condition DKµ gνα = 0. A metric connection reads
Kgµνα = {µνα}+ 1
2
(Tνµα + Tναµ + Tµνα). (23)
By virtue of the well-known theorem [6], this connection is reduced to a principal connection
on a reduced principal subbundle LgX . It follows that, given the decomposition (19) for any
pseudo-Riemannian metric g, a linear connection K (6) on LX contains the component
Kg = dxλ ⊗ (∂λ +Kgλµν x˙ν ∂˙µ) (24)
which is a principal connection on LgX ([15], Theorem 1). With respect to the atlas Ψh (14),
the connection Kg (24) reads
Kg = dxλ ⊗ (∂λ +AλbaLba), Aλba = −hbµ∂λhµa +Kgλµνhbµhνa, (25)
where Lb
a are generators of a Lie algebra so(m,n−m) in Rn.
In the absence of matter fields, dynamic variables of gauge theory on natural bundles are
linear connections and pseudo-Riemannian metrics on X . Therefore, we call it the metric-affine
gauge theory. It is a field theory on the bundle product
Y = Σ×
X
C (26)
coordinated by (xλ, σµν , kµ
α
β). Its particular variant of n = 4, m = 1 is metric-affine gravitation
theory [4, 5, 9].
Let us restrict our consideration to first order Lagrangian theory on Y (26). In this case, a
configuration space of metric-affine gauge theory is a jet manifold
J1Y = J1ΣPR×
X
J1CW, (27)
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coordinated by (xλ, σµν , kµ
α
β , σ
µν
λ , kλµ
α
β).
A first order Lagrangian LMA of metric-affine gravitation theory is a defined as a density
LMA = LMA(xλ, σµν , kµαβ, σµνλ , kλµαβ)ω, ω = dx1 ∧ · · · ∧ dxn, (28)
on the configuration space J1Y (27) [2]. Its Euler–Lagrange operator takes a form
δLMA = (Eαβdσαβ + Eµαβdkµαβ) ∧ ω. (29)
Eαβ =
(
∂
∂σαβ
− dλ ∂
∂σαβλ
)
LMA, Eµαβ =
(
∂
∂kµαβ
− dλ ∂
∂kλµαβ
)
LMA,
dλ = ∂λ + σ
αβ
λ
∂
∂σαβ
+ kλµ
α
β
∂
∂kµαβ
+ σαβλν
∂
∂σαβν
+ kλνµ
α
β
∂
∂kνµαβ
.
The corresponding Euler–Lagrange equations read
Eαβ = 0, Eµαβ = 0. (30)
The fibre bundle (26) is a natural bundle admitting the functorial lift
τ˜ΣC = τ
µ∂µ + (σ
νβ∂ντ
α + σαν∂ντ
β)
∂
∂σαβ
+ (31)
(∂ντ
αkµ
ν
β − ∂βτνkµαν − ∂µτνkναβ + ∂µβτα) ∂
∂kµαβ
of vector fields τ on X [2]. It is an infinitesimal generator of general covariant transformations.
By analogy with gauge gravitation theory, the Lagrangian LMA (28) of metric-affine gauge
theory is assumed to be invariant under general covariant transformations. Its Lie derivative
along the jet prolongation J1τ˜ΣC of the vector field τ˜ΣC for any τ vanishes, i.e.,
LJ1 τ˜ΣCLMA = 0. (32)
In order to analyze this condition, let us point out that a first order jet manifold J1C of the
fibre bundle C (9) possesses the canonical splitting
kλµ
α
β =
1
2
(kλµ
α
β − kµλαβ + kλγβkµαγ − kµγβkλαγ) + (33)
1
2
(kλµ
α
β + kµλ
α
β − kλγβkµαγ + kµγβkλαγ) = 1
2
(Rλµαβ + Sλµαβ),
so that, if K is a section of CW → X , then Rλµαβ ◦ J1K = Rλµαβ are components of the
curvature (7). Then the following assertion is analogous to the well-known Utiyama theorem in
Yang–Mills gauge theory of principal connections [2, 13].
Theorem 1. If a first order Lagrangian LMA on the configuration space (27) is invariant
under general covariant transformations and it does not depend on the jet coordinates σαβλ (i.e.,
derivatives of a metric), this Lagrangian factorizes through the terms Rλµαβ (33).
For instance, let us consider a Lagrangian
L = R√σω = σµβRλµλβ
√
σω, σ = det(σµν). (34)
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similar to the Hilbert – Einstein one in metric-affine gravitation theory. The corresponding
Euler–Lagrange equations read
Eαβ = Rαβ − 1
2
σαβR = 0, (35)
Eναβ = −dα(σνβ
√
σ) + dλ(σ
λβ
√
σ)δνα + (36)
(σνγkα
β
γ − σλγδναkλβγ − σνβkγγα + σλβkλνα)
√
σ = 0.
The equation (35) is an analogy of the Einstein equations in metric-affine gravitation theory.
The equations (36) are brought into the form
√
σ−1σνεσβµEναβ = cαεµ − 1
2
σµεσ
λγcαλγ − σαεσλβcλβµ + (37)
1
2
σαεσ
λγcµλγ + tµεα + σµεtα
γ
γ + σαεtγ
γ
µ = 0.
where we introduce the torsion
tµνα = −tανµ = σνβtµβα, tµνλ = kµνλ − kλνµ,
and the non-metricity variables
cµνα = cµαν = dµσνα + kµ
β
ασνβ + kµ
β
νσβα.
Substituting the contorsion
sµνα = −sµαν = 1
2
(tνµα + tναµ + tµνα + cανµ − cναµ),
into the equation (37), we obtain the equality
1
2
(cαµε + cµαε)− 1
2
(σµεcγ
γ
α − σαεcγγµ) + (38)
sµεα − sαεµ + σµε(sαγγ − sγγα)− σαε(sµγγ − sγγµ) = 0.
Its symmetrization with respect to the indices α, µ leads to the condition cαµε+ cµαε = 0, which
together with the equality cµνα = cµαν result in that the non-metricity vanishes:
cµνα =µ σνα + kµ
β
ασνβ + kµ
β
νσβα = 0. (39)
Then the skew-symmetric part of the equality (38) with respect to the indices α, µ takes a form
sµεα − sαεµ + σµε(sαγγ − sγγα)− σαε(sµγγ − sγγµ) = 0.
Its pairing with σεα leads to the equalities
(sα
γ
γ − sγγα) = 0, sµεα − sαεµ = 0,
and to that both a contorsion sµεα and a torsion tµνα equal zero. Then we obtain from the
equality (39) that
kµνα = −1
2
(dµσνα + dασνµ − dνσµα).
Substitution of these expression into the equation (35) results in a second order differential
equation for the metric variables σ.
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Matter fields in metric-affine gauge theory are spinor fields, e.g., Dirac’s fermion fields in
gravitation theory, we restrict or consideration to gravitation theory where they are spinor fields
[2, 13]. They do not admit general covariant transformations, and we therefore follow the proce-
dure in our previous works [14, 15] in order to describe them.
Spinors are conventionally described in the framework of formalism of Clifford algebras [8].
Let V be an n-dimensional real vector space provided with a pseudo-Euclidean metric η. Let
us consider a tensor algebra
⊗V = R⊕ V ⊕ 2⊗V ⊕ · · · ⊕ k⊗V ⊕ · · ·
of V and its two-sided ideal Iη generated by the elements
v ⊗ v′ + v′ ⊗ v − 2η(v, v′)e, v, v′ ∈ V,
where e denotes the unit element of ⊗V . The quotient ⊗V/Iη is a real non-commutative ring.
There is the canonical monomorphism of a real vector space V to ⊗V/Iη. It is a generating
subspace of a real ring ⊗V/Iη. A real ring ⊗V/Iη together with a fixed generating subspace V
is called the Clifford algebra Cℓ(V, η) modelled over a pseudo-Euclidean space (V, η).
Given Clifford algebras Cℓ(V, η) and Cℓ(V ′, η′), by their isomorphism Cℓ(V, η) → Cℓ(V ′, η′)
is meant an isomorphism of them as real rings which also is an isomorphism of their generating
pseudo-Euclidean spaces
Cℓ(V, η) ⊃ (V, η)→ (V ′, η′) ⊂ Cℓ(V ′, η′).
One can show that two Clifford algebras Cℓ(V, η) and Cℓ(V ′, η′) are isomorphic iff they are
modelled over pseudo-Euclidean spaces (V, η) and (V ′, η′) of the same signature [8].
Let a pseudo-Euclidean metric η be of signature (m;n − m) = (1, ..., 1;−1, ...,−1). Let
{v1, ..., vn} be a basis for V such that η takes a diagonal form
ηab = η(va, vb) = ±δab.
Then a real ring Cℓ(V, η) is generated by the elements v1, ..., vn which obey the relations
vavb + vbva = 2ηabe.
We agree to call {v1, ..., vn} the basis for a Clifford algebra Cℓ(V, η). Given this basis, let us
denote Cℓ(V, η) = Cℓ(m,n−m).
It may happen that a real ring Cℓ(V, η) admits a generating pseudo-Euclidean subspace (V ′, η′)
of signature different from that of (V, η). In this case, Cℓ(V, η) possesses the structure of a Clifford
algebra Cℓ(V ′, η′) which is not isomorphic to a Clifford algebra A = Cℓ(V, η). For instance, there
are the following real ring isomorphisms [8]:
Cℓ(m,n−m) ≃ Cℓ(n−m+ 1,m− 1), Cℓ(m,n−m) ≃ Cℓ(m− 4, n−m+ 4), n,m ≥ 4.
Let Cℓ(V, η) be a Clifford algebra modelled over a pseudo-Euclidean space (V, η), and let
Aut[Cℓ(V, η)] denote the group of automorphisms of a real ring Cℓ(V, η). Restricted to V ⊂
Cℓ(V, η), an automorphism of a real ring Cℓ(V, η) need not be an automorphism of a pseudo-
Euclidean space (V, η) and, therefore, it fails to be an automorphism of Cℓ(V, η) as a Clifford
8
algebra in general. An automorphism g ∈ Aut[Cℓ(V, η)] is an automorphism of a Clifford algebra
Cℓ(V, η)] iff it is an automorphism of a pseudo-Euclidean space V . Conversely, let O(V, η) be a
group of automorphisms
g : V ∋ v 7→ gv ∈ V, η(gv, gv′) = η(v, v′), g ∈ O(V, η), (40)
of a pseudo-Euclidean space (V, η). Since Cℓ(V, η) is generated by elements of V , the action (40)
of a group O(V, η) in (V, η) yields automorphisms of a Clifford algebra Cℓ(V, η) so that there
exists a canonical monomorphism
O(V, η)→ Aut[Cℓ(V, η) ]. (41)
Herewith, an automorphism of a real ring Cℓ(V, η) is the identity one iff its restriction to V is
IdV . Consequently, the following is true.
Theorem 2. A subgroup O(V, η) ⊂ Aut[Cℓ(V, η) ] (41) exhausts all automorphisms of a
Clifford algebra Cℓ(V, η).
Invertible elements of a Clifford algebra Cℓ(V, η) constitute a group GCℓ(V, η). Acting in
Cℓ(V, η) by left and right multiplications, this group also acts in a Clifford algebra by the adjoint
representation
Cℓ(V, η) ⊃ GCℓ(V, η) ∋ g : a 7→ gag−1, a ∈ Cℓ(V, η). (42)
This representation provides a homomorphism
ζ : GCℓ(V, η)→ IAut[Cℓ(V, η) ](V, η) ⊂ Aut[Cℓ(V, η) ] (43)
of a group GCℓ(V, η) to a subgroup IAut[Cℓ(V, η) ] of inner automorphisms of a real ring Cℓ(V, η).
It is readily observed that a group GCℓ(V, η) contains all elements v ∈ V ⊂ Cℓ(V, η) such that
η(v, v) 6= 0. Then let us consider a subgroup Cliff(V, η) ⊂ GCℓ(V, η) generated by all invertible
elements of V ⊂ Cℓ(V, η). It is called the Clifford group.
Theorem 3. If n = dim V is even, the homomorphism ζ (43) of a Clifford group Cliff(V, η)
to IAut[Cℓ(V, η)] is its epimorphism
ζ : GCℓ(V, η) ⊃ Cliff(V, η)→ O(V, η) ⊂ IAut[Cℓ(V, η)]. (44)
onto O(V, η) [8].
Unless otherwise stated, let us restrict our consideration to Clifford algebras modelled over
an even-dimensional pseudo-Euclidean space V .
The epimorphism (44) yields an action of a Clifford group Cliff(V, η) in a pseudo-Euclidean
space (V, η) by the adjoint representation (42). However, this action is not effective. Therefore,
one consider subgroups Pin(V, η) and Spin(V, η) of Cliff(V, η). The first one is generated by
elements v ∈ V such that η(v, v) = ±1. A group Spin(V, η) is defined as an intersection
Spin(V, η) = Pin(V, η) ∩ Cℓ0(V, η)
of a group Pin(V, η) and the even subring Cℓ0(V, η) of a Clifford algebra Cℓ(V, η). In particular,
generating elements v ∈ V of Pin(V, η) do not belong to its subgroup Spin(V, η).
Theorem 4. The epimorphism (44) restricted to the Spin group leads to short exact sequence
of groups
e→ Z2 −→ Spin(V, η) ζ−→SO(V, η)→ e, (45)
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where Z2 → (e,−e) ⊂ Spin(V, η).
It should be emphasized that an epimorphism ζ in (45) is not a trivial bundle unless η is of
signature (1, 1). It is a universal coverings over each component of O(V, η).
Let us consider the complexification
CCℓ(m,n−m) = C⊗
R
Cℓ(m,n−m) (46)
of a real ring Cℓ(m,n − m). It is readily observed that all complexifications CCℓ(m,n − m),
m = 0, . . . , n, are isomorphic:
CCℓ(m,n−m) ≃ CCℓ(m′, n−m′), (47)
both as real and complex rings. Namely, with the bases {vi} and {ei} for Cℓ(m,n − m) and
Cℓ(n, 0), their isomorphisms (47) are given by associations
v1,...,m 7→ e1,...,m, vm+1,...,n 7→ iem+1,...,n. (48)
Though the isomorphisms (48) are not unique, one can speak about an abstract complex ring
CCℓ(n) so that, given a real Clifford algebra Cℓ(m,n−m) and its complexification CCℓ(m,n−m)
(46), there exist the complex ring isomorphism (48) of CCℓ(m,n −m) to CCℓ(n). We agree to
call CCℓ(n) the complex Clifford algebra, and to define it as a complex ring
CCℓ(n) = C⊗
R
Cℓ(n, 0) (49)
generated by the basis elements ({ei} for Cℓ(n, 0). The complex ring CCℓ(n) (49) possesses a
canonical real subring Cℓ(m,n−m) with a basis {e1, . . . , em, iem+1, . . . , ien}.
Let CCℓ(n) be a complex Clifford algebra. Automorphisms of its real subrings Cℓ(m,n−m)
yields automorphisms of CCℓ(n), but do not exhaust all automorphisms of CCℓ(n).
By a representation of a complex Clifford algebra CCℓ(n) is meant its morphism γ to a
complex algebra of linear endomorphisms of a finite-dimensional complex vector space.
Theorem 5. If n is even, an irreducible representation of a complex Clifford algebra CCℓ(n)
is unique up to an equivalence [8]. If n is odd there exist two non-equivalent irreducible repre-
sentations of a complex Clifford algebra CCℓ(n) (see Section 2.5).
A complex spinor space Ξ(n) is defined as a carrier space of an irreducible representation of a
complex Clifford algebra CCℓ(n) is . If n is even, it is unique up to an equivalence in accordance
with Theorem 5. Therefore, it is sufficient to describe a complex spinor space Ξ(n) as a subspace
of a complex Clifford algebra CCℓ(n) which acts on Ξ(n) by left multiplications.
Given a complex Clifford algebra CCℓ(n), let us consider its non-zero minimal left ideal which
Cℓ(n) acts on by left multiplications. It is a finite-dimensional complex vector space. Therefore,
an action of a complex Clifford algebra CCℓ(n) in a minimal left ideal by left multiplications
defines a linear representation of CCℓ(n). It obviously is irreducible. In this case, a minimal left
ideal of CCℓ(n) is a complex spinor space Ξ(n).
Hereafter, we define complex spinor spaces Ξ(n) just as a minimal left ideals of a complex
Clifford algebra CCℓ(n) which carry out its irreducible representation. In particular, this defini-
tion enables us to investigate morphisms of complex spinor spaces yielded by automorphisms of
a complex Clifford algebra.
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In order to describe complex spinor spaces defined in this way, one is based the following fact
[8].
Theorem 6. Any complex spinor space Ξ(n) is generated by some Hermitian idempotent
p ∈ Ξ(n), i.e., p = p∗, p2 = p, namely,
p =
1
2
(e+ s), s2 = e, s∗ = s, s 6= e.
An irreducible representation of a complex Clifford algebra CCℓ(n) in a complex spinor space
Ξ(n) also implies the representations of both a real Clifford algebra Cℓ(m,n−m) and the Spin
group Spin(m,n−m) in Ξ(n) though they need not be irreducible.
In classical field theory, spinor fields are described by sections of a spinor bundle on an
n-dimensional manifold X whose typical fibre is a spinor space Ξ(n) which carries out a repre-
sentation of a complex Clifford algebra CCℓ(n).
Namely, let CX → X be a bundle in complex Clifford algebras CCℓ(n) whose structure
group is a group of automorphisms Aut[CCℓ(n) ] of CCℓ(n). However, CX need not contain a
spinor subbundle because a spinor subspace Ξ(n). being a left ideal of CCℓ(n), is not stable under
automorphisms of CCℓ(n). A spinor subbundle ΞX ⊂ CX exists if CX also is a fibre bundle with
a structure group GGs of invertible elements of CCℓ(n) acting on CCℓ(n) by left multiplications.
In this case, a structure group of CX is reducible to a subgroup Gs of inner automorphisms of
CCℓ(n) generated by elements of GGs similarly to the expression (42). Then a representation
bundle morphism
γ : CX ×
X
CX ⊃ CX ×
X
ΞX → ΞX (50)
is defined.
A key point is that, in order to construct the Dirac operator on spinor fields, one need a
representation of covectors to X as elements of a Clifford algebra CCℓ(n) acting in a spinor space
Psi(n). A necessary condition of such a representation is that a structure group GLn of the
cotangent bundle T ∗X over X is reduced to a structure group GGs of CX , i.e., GGs is some
group SO(m,n−m).
Therefore, let a structure group GL − n of a linear frame bundle be reduced to a subgroup
SO(m,n−m), and let g be the corresponding pseudo-Riemannian metric on X as a global section
of the quotient bundle (13). In this case, one can think of the cotangent bundle T ∗X over X
as being a fibre bundle MX in pseudo-Euclidean spaces with a typical fibre M and a structure
group SO(m,n−m). This fibre bundle is extended to a fibre bundle in complex Clifford algebras
CX whose fibres CxX are complex Clifford algebras CCℓ(n) which are complexifications of real
Clifford algebras Cℓ(Mx, g(x)) modelled over pseudo-Euclidean tangent spaces Mx = T ∗xX to
X . A fibre bundle CX possesses a structure group SO(m,n−m) of automorphisms of CCℓ(n),
and there is a bundle monomorphism T ∗X → CX . In order to provide the representation (50)
and in accordance with the exact sequence of groups (45), let us assume that a structure group
SO(m,n−m) of CX lifts to a structure Spin group Spin(m,n−m). By virtue of the well-known
theorem [2, 3], this can occur if the second Stiefel – Whitney class of X is trivial. Then we get
the representation morphism
CX ×
X
CX ⊃ T ∗X ×
X
ΞX → ΞX. (51)
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Thus, we come to the following notion [2, 8]. A spinor structure on a manifold X is defined as
a pair (P g, zs) of a principal bundle P
g → X with a structure Spin group Gs = Spin(m,n−m)
and its bundle morphism zs : P
g → LX to a frame bundle LX . This morphism factorizes
zs : P
g → LgX ⊂ LX (52)
through some reduced principal subbundle LgX ⊂ LX with a structure group SO(m,n −m).
Thus, any spinor structure on a manifold X is associated with a pseudo-Riemannian structure
on X . There is the well-known topological obstruction to the existence of a spinor structure
[1, 2]. To satisfy the corresponding topological conditions we further assume that a manifold X
is non-compact and parallelizable, that is a linear frame bundle is trivial. In this case, all spinor
structures (52) are isomorphic. Therefore, there is one-to-one correspondence (52) between the
pseudo-Riemannian structures LgX and the spinor structures (P g, zs) which factorize through
the corresponding LgX . We agree to call P g the spinor principal bundles.
Let us describe the representation morphism (51) in an explicit form.
Due to the factorization (52), every bundle atlas Ψh = {zhι } (14) of LgX gives rise to an atlas
Ψ
h
= {zhι }, zhι = zh ◦ zhι , (53)
of a principal Gs-bundle P
g.
Let (P g, zh) be the spinor structure associated with a pseudo-Riemannian metric g. Let
Sg = (P g × Ξ(n))/Gs → X (54)
be a P g-associated spinor bundle whose typical fibre Ξ(n) carriers a representation of a Spin group
group Gs. Given the atlas (53), let S
g (54) be provided with the associated bundle coordinates
(xµ, yA).
Let us consider an LgX-associated bundle in pseudo-Riemannian spaces
MgX = (LgX ×M)/SO(m,n−m) = (P g ×M)/Gs. (55)
It is isomorphic to the cotangent bundle
T ∗X = (LgX ×M)/SO(m,n−m).
Then, using the morphism (51), one can define a representation
γg : T
∗X ×
X
Sg → Sg (56)
of covectors to X by Dirac γ-matrices on elements of a spinor bundle Sh. Relative to a bundle
atlas {zhι } of LX and the corresponding atlas {zι} (53) of a spinor principal bundle P g, the
representation (56) reads
yA(γg(h
a(x)) = γ(ta)ABy
B,
where yA are associated bundle coordinates on Sg, and ha are tetrad coframes. For brevity, we
write
ĥa = γg(h
a) = γ(ta) = γa, d̂xλ = γg(dx
λ) = hλa(x)γ
a. (57)
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Given the representation (57), one can introduce a Dirac operator on Sg with respect to a
principal connection on P g. Then one can think of sections of Sg (54) as describing spinor fields
in the presence of a pseudo-Riemannian metric g.
Note that there is one-to-one correspondence between the principal connections on P g and
those on a reduced bundle LgX . It follows that any linear connection K (6), generating the
connection Kg (25) on L
gX , yields the corresponding spinor connection Ks on P
g and Sg [2, 10].
This connection takes a form
Ks = K
g = dxλ ⊗ (∂λ +AλbaIba), Aλba = −hbµ∂λhµa +Kgλµνhbµhνa, (58)
where Ib
a are generators of the Lie algebra of a Spin group Spin(m,n−m) in a spin space Ξ(n).
This fact enables one to describe spinor fields in the framework of metric-affine gauge theory
with general linear connections.
Spinor fields in the presence of different pseudo-Riemannian metrics g and g′ are described by
sections of different spinor bundles Sg and Sg
′
. A problem is that, though reduced subbundles
LgX and Lg
′
X are isomorphic, the associated structures of bundles in pseudo-Riemannian spaces
MgX andMg
′
X (55) on the cotangent bundle T ∗X are non-equivalent because of non-equivalent
actions of a group SO(m,n−m) on a typical fibre of T ∗X seen both as a typical fibre of MgX
and that of Mg
′
X . As a consequence, the representations γh and γh′ (57) for different metrics g
and g′ are non-equivalent [2, 10]. Indeed, let
t∗ = tµdx
µ = tah
a = t′ah
′a
be an element of T ∗X . Its representations γg and γg′ (56) read
γg(t
∗) = taγ
a = tµh
µ
aγ
a, γg′(t
∗) = t′aγ
a = tµh
′µ
aγ
a.
They are non-equivalent because no isomorphism Φs of S
g onto Sg
′
can obey the condition
γg′(t
∗) = Φsγg(t
∗)Φ−1s , t
∗ ∈ T ∗X.
Since the representations (57) for different metrics fail to be equivalent, one meets a problem
of describing spinor fields in the presence of different pseudo-Riemannian metrics.
In order to solve this problem, we follow the procedure in [15]. Let us consider a universal
two-fold covering G˜L4 of a group GL4n and a G˜Lg-principal bundle L˜X → X which is a two-fold
covering bundle of a frame bundle LX [2, 8]. Then we have a commutative diagram
L˜X
ζ−→ LX
✻ ✻
P g −→ LgX
for any spinor structure (52) [2, 10]. As a consequence,
L˜X/Gs = LX/SO(m,n−m) = Σ.
Since L˜X → Σ is an Gs-principal bundle, one can consider an associated spinor bundle S → Σ
whose typical fibre is Ξ(n). We agree to call it the universal spinor bundle because, given a
pseudo-Riemannian metric g, the pull-back Sg = g∗S → X of S onto X is a spinor bundle Sg on
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X which is associated with an Gs-principal bundle P
g. A spinor bundle S is endowed with bundle
coordinates (xλ, σµa , y
A), where (xλ, σµa ) are bundle coordinates on Σ and y
A are coordinates on a
spinor space Ξ(n). A spinor bundle S → Σ is a subbundle of a bundle in Clifford algebras which
is generated by a bundle of pseudo-Riemannian spaces associated with a SO(m,n−m)-principal
bundle LX → Σ. As a consequence, there is a representation
γΣ : T
∗X ×
Σ
S → S, γΣ(dxλ) = σλaγa, (59)
whose restriction to a subbundle Sg ⊂ S restarts the representation (57).
Sections of a composite bundle
S → Σ→ X (60)
describe spinor fields in the presence of different pseudo-Riemannian metrics as follows.
By virtue of ([15], Theorem 6), any linear connection K on X (6) yields a connection
AΣ = dx
λ ⊗ (∂λ +KgλµνσbµσνaIba) + dσbµ ⊗ (∂λ − siµaIba) (61)
on the spinor bundle S → Σ whose restriction to Sg is the spinor connection Ks (58) defined by
defined by K. The connection (61) yields the so called vertical covariant differential
D˜ = dxλ ⊗ [yAλ + (σbλµσµa −Kgλµνσbµσνa)(Iba)AByB],
on a fibre bundle S → X (60). Its restriction to J1Sg ⊂ J1S recovers the familiar covariant
differential on a spinor bundle Sg → X relative to the spin connection (58).
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